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Reconstituted vesicles with built-in ion pumps (or other transport proteins) are usually heterogeneous with 
respect to size and with respect to the number of pump molecules present in the membrane. In this paper a 
method is described for the analysis of ion flux experiments with reconstituted vesicles which is based on the 
statistical properties of the vesicle population. The method is based on the assumption that the fraction of 
vesicles containing n = 0, 1, 2 . . . .  pump molecules is given by a Poisson distribution; it further requires an 
estimate of the width of the distribution of vesicle radii. Under favourable conditions the intrinsic turnover 
rate of the pump and the density of functional pump molecules in the vesicle membrane can be determined 
separately. The method can be applied to isotope-flux experiments, to optimal measurements of active ion 
transport and to studies of pump-mediated charge transport. 

Introduction 

In recent years, methods have been developed 
for the isolation of active transport systems from 
biological membranes and for the subsequent in- 
corporation of the purified transport protein into 
artificial lipid vesicles [1-3]. Such reconstitution 
experiments have been carried out, for instance, 
with the sodium-potassium pump from the plasma 
membrane of mammalian cells [4,5] and with the 
calcium pump from sarcoplasmic reticulum [6]. 
Reconstituted vesicles offer interesting possibili- 
ties for mechanistic studies of pump-mediated ion 
fluxes, since flux experiments can be carried out 
under well-defined conditions with respect to the 
nature of the lipid and to the composition of the 
internal and external aqueous media. 

Since vesicle diameters are typically of the order 
of 100 nm or less (for vesicles prepared by deter- 
gent removal [7-10]), the intravesicular aqueous 
volume is extremely small. The analysis of flux 
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experiments is thus faced with the problem tha! 
the ion concentration in the internal space of the 
vesicle changes rapidly after activation of the 
pump. With the limited time resolution of com- 
monly used isotope-flux methods it is therefore 
difficult to determine initial transport rates accu- 
rately. A better time resolution can be achieved by 
measuring intravesicular ion concentration opti- 
cally [11], but even in this case extrapolation to 
time zero may be uncertain unless rapid mixing 
techniques are used. 

More reliable information on flux rates may be 
obtained by analyzing the time course of intraves- 
icular concentration over the whole time-range of 
the experiment. Such an analysis requires that the 
heterogeneity of the vesicle population [11-13] is 
explicitly taken into account. Reconstituted 
vesicles exhibit a distribution of diameters, as 
show by electron microscopic analysis [5-7] and 
photon correlation spectroscopy [10,14]. In an ex- 
periment in which pump-mediated efflux of ions is 
measured, small vesicles lose their ion content 
faster than large vesicles and contribute only at 
short times to the overall transport process. Apart 
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from the variation in diameter, vesicles are hetero- 
geneous with respect to the number of incorpo- 
rated pump molecules. This results from the statis- 
tical nature of the process by which pump mole- 
cules are inserted into the vesicle membrane in the 
reconstitution experiment. Thus, if the average 
number  of pump molecules per vesicle is, say, 
fi = 2, the vesicle population is composed of sub- 
populations of vesicles containing n = 0, 1, 2, 3, 
etc. pump molecules. 

In the following, a method for the quantitative 
analysis of flux experiments is described which is 
based on the statistical properties of the vesicle 
population. It is shown that under suitable condi- 
tions the intrinsic turnover rate v of the pump and 
the number  X of functional pump molecules per 
unit area of the membrane can be determined 
separately. The usual analysis of flux experiments 
with vesicles yields only the product X" v, i.e., the 
flux per unit membrane area. Estimates of X based 
on total protein content of the vesicle suspension 
are uncertain, since in most cases the fraction of 
pump molecules which are functionally active and 
which are inserted with the correct orientation is 
not known. The separate determination of turnover 
rate v and pump density X becomes possible 
when information on the size distribution of the 
vesicles is available and when the average number 

of functional pump molecules per vesicle is 
small (e.g., fi < 5). This may be seen from the 
following hypothetical example. Consider a mix- 
ture of vesicles of uniform size containing n = 0, 1 
or 2 functional pump molecules and assume that 
ATP-driven efflux of a substrate S is measured by 
adding ATP at time t = 0 to the vesicle suspen- 
sion. The total amount of intravesicular substrate, 
m(t), decreases steadily with time until the con- 
centration of S in the vesicles with n = 2 has 
dropped to nearly zero. At this time the slope of 
m(t) decreases steeply. A second transition (to 
zero slope) occurs when the vesicles with n = 1 
have lost their trapped substrate. In this hypo- 
thetical experiment the turnover rate v is directly 
obtained from the time interval between succes- 
sive transitions in the slope of m(t) and from the 
known volume of intravesicular space. In a real 
experiment with vesicles of non-uniform size, the 
transitions of dm/dt are smoothed out, but m(t) 
nevertheless contains information on v and X. 
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Statistical model of the vesicle population 

We consider a suspension of spherical vesicles 
with incorporated pump molecules. The ith vesicle 
is characterized by its internal radius r i and the 
number ni of functionally oriented pumps. (Re- 
constitution of an ATP-driven pump usually re- 
suits in a mixture of both orientations with in- 
ward- and outward-facing ATP binding sites; when 
ATP is added to the medium, only pump mole- 
cules with the ATP site facing outward are 
activated.) The distribution of vesicle radii may be 
described by a probability density p( r ) ;  the num- 
ber AN(r )  of vesicles with a radius between r and 
r + Ar is then given by 

AN(r) =Np(r)Ar (1) 

N is the total number of vesicles in the suspen- 
sion. We specifically assume that p(r) may be 
approximated by a Gaussian distribution with 
mean value ? and half-width a: 

1 - ( r - ~ )  2 
# ( r )  = 2~_------~exp 2 o  2 ( 2 )  

o 2 = ( r - ,~)2 (3) 

The assumption of a Gaussian distribution is an 
approximation which may be expected to hold in 
the vicinity of the average radius ?. For geometri- 
cal reasons a lower limit r 0 = 15 nm exists for the 
vesicle radius [1], meaning that the distribution 
becomes non-Gaussian for small values of r. Since 
for vesicles prepared by detergent dialysis ? is 
much larger than r0, the size limitation (r  > r0) 
does not appreciably affect the analysis. 

We further assume that the number n of func- 
tionally oriented pump molecules in a vesicle is 
described by a Poisson distribution and that the 
average value of n is proportional to the area of 
the vesicle membrane. The probability P(n, r) 
that a vesicle of radius r contains n functionally 
oriented pumps is equal to 

e ( . , . )  (~)%xP(-~) 
n! (4) 

~(r) = 4,,.~X (5) 
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X is the average surface density of oriented pump 
molecules (referred to the internal surface area of 
the vesicle). 

The assumption of a Poisson distribution im- 
plies that pump molecules are inserted into the 
vesicle membrane independently of each other in 
the reconstitution process. In the case of ( N a + +  
K +)-ATPase, vesicles prepared by detergent dialy- 
sis statistical analysis of electron-microscopic pic- 
tures has shown that the experimental values of 
P(n ,  r)  approximately agree with a Poisson distri- 
bution [9,13]. 

For computational purposes it is convenient to 
divide the vesicle population into discrete classes, 
class (n, r k) containing all vesicles which possess n 
pump molecules and have a radius between r k and 
r k + r. The number AN(n,  rk) of vesicles in class 
(n , r  k) is then given by 

A N ( n ,  rk ) = U P ( n ,  r k ) p (  rk ) A r  (6) 

r k is varied in discrete steps of length Ar << 
between a lower limit r ' =  ~ - p A r  and an upper 
limit r "  = ~ +pAr: 

r~=~+kar ( k = - p , - p + l  ..... p) (7) 

p is a positive integer chosen such that p(r)  is 
negligibly small outside the interval ( r ' ,  r" ) .  

Analysis of flux experiments 

Isotope fluxes 
In an experiment in which ATP-driven ion 

fluxes are studied, all pump molecules are simulta- 
neously activated at time t = 0 by adding ATP to 
the medium, and the intravesicular concentration 
of the transported ionic species M is measured as 
a function of time. In the following we first treat 
experiments in which M is isotopically labeled. By 
taking samples from the vesicle suspension after 
certain time intervals, the total intravesicular 
amount, m(t) ,  of M may be determined. As a 
suitable experimental quantity we introduce the 
ratio m ( t ) / m o - S ( t ) ,  where m o - m ( O  ) is the 
initial value of m. Denoting the concentration of 
M in the ith vesicle by cx(t), the quantity S( t )  is 
obtained by summation over all vesicles: 

N 

S(t) ~ rn(t)=mo mol i=1 y" ~c,(t)= + ~ .  V~c,(t) (8) 

V, is the volume of the internal aqueous space of 
the ith vesicle, V the total internal volume and c o 
the initial concentration of M which is common to 
all vesicles. 

For a vesicle of class (n, rk) which has an 
internal volume V k = (4~r/3)r 3, the time depend- 
ence of ion concentration ¢ is given by 

dc unv 
dt  V k (9) 

~, is the number of ions transported in a single 
turnover and v the turnover rate of the pump 
molecule (v is taken to be positive if the pump 
promotes ion efflux). Implicit in Eqn 9 is the 
assumption that functional interactions between 
pump molecules in a vesicle are small. This as- 
sumption is justified when the average density of 
pumps in the vesicle membrane is low, as is the 
case in most reconstitution experiments. Further- 
more, Eqn. 9 requires that leakage pathways are 
negligible; this has been shown to be true in 
experiments with reconstituted ( N a + +  K+)  - 
ATPase [11]. Under normal conditions the exter- 
nal volume of the vesicle suspension is much 
larger than the volume of the intravesicular space, 
so that the ion (and ATP) concentration in the 
medium remains nearly constant during the flux 
experiment. The turnover rate v is then a unique 
function of intravesicular ion concentration c 
(provided that electric field effects can be ne- 
glected; see below). If v(c) is known, c is a 
well-defined function c(n, r k, t) of time for a 
vesicle of class (n, r k) which, according to Eqn. 9, 
is determined by 

f 
c de  unt (10) 

<. ~, (<.) v~ 

For a transport system which extrudes ions from 
the vesicle interior, v(c) can usually be repre- 
sented by a Michaelis-Menten equation: 

UmC ( 1 1 )  
v ( c ) =  c + K  

vm is the maximum turnover rate and K the 
half-saturation concentration. In this case c(n, r k, 
t) is given by the implicit equation 

• /)F/V m 
c + K  In c = c  0 - - t  (12) 

c o V~ 
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The summation in Eqn. 8 may be replaced by a 

summation over all vesicle classes (n, rk). Since 

class (n, rk) contains AN(n, rk) vesicles (Eqn. 6) 
Eqn. 8 assumes the form 

h(n, ‘k, t) =c(n, ‘k, ‘)/Co (14) 

Expressing the total intravesicular volume V by 

V=N c VIp(rk)Ar 
k=-v 

(15) 

one finally obtains (with V, = (4a/3)rk3): 

_,,i h(n. rk, t)P(n, rk)&(rk)Ar 

S(t) = 
P 

,i &(rk)Ar 

(16) 

P 

If the distribution function p(rk) has the form of 
Eqn. 2, the denominator D in Eqn. 16 may be 

replaced by 

D=T.‘+3Fo= (17) 

This relation is obtained by replacing the summa- 

tion over r, by an integration over r. 
By fitting Eqn. 16, together with Eqns. 2 and 4, 

to the experimental values of S(t), the turnover 

rate u and the mean density x (Eqn. 5) of func- 
tionally active pump molecules can be evaluated 
separately. The analysis requires information on 

the average vesicle radius 7 and on the variance u 

of the distribution of vesicle radii, which may be 

obtained from electron microscopy or light- 
scattering measurements. Application of the 
Michaelis-Menten relation (Eqn. 11) for the de- 
scription of the concentration dependence of u 
yields the maximum transport rate ud. Estimated 

values of the half-saturation concentration K are 
usually available form other sources. If the initial 
ion concentration co is large enough (co s K), the 
analysis is insensitive against variations of K. Al- 
ternatively, by carrying out flux measurements 
over a wide range of cO, the constant K may be 
evaluated from the experiments. Examples of 

numerical fits are given in a later section. 

From Eqns. 2, 9 and 16 a simple expression is 
derived for the initial rate of change of S: 

dS t-1 = 3vu,x 1+s uvoxA 
dt ,=” co? 1+3s r0V 

(18) 

u0 is the initial value of turnover rate u, and A the 

total surface area of the vesicle suspension. Thus, 

(dS/dt),=, is proportional to the product of 
turnover rate u0 times the average pump density 

x, as may be expected. 
After long time periods S(t) approaches a finite 

value S(cc) which depends on the fraction of 
vesicles with n = 0. Replacing the summation over 
r, by an integration over r, the following relation 
for S(ce) is obtained from Eqn. 16: 

S(c0) = 
1+3s(1+ y) Y/2$ 

(1+3s)(1+y)7TT7 exp - 1+ y 

y = 8~0’~ 

For vesicles of uniform radius r (a = 0), Eqn. 19 
reduces to S( cc) = exp( - 4qr 2x) = exp( - n) = 

P(0, r), as expected. Using Eqns. 18 and 19, Q, 
and x may be evaluated, in principle, from the 
experimental values of (dS/dt),=, and S(co). In 

practice, however, it is often difficult to determine 

(dS/dt),=, and S(co) with sufficient accuracy. 
For this reason it is advantageous to use the whole 
time course of S for the analysis. 

Optical measurement of ion fluxes 
When an optical indicator for the transported 

ion species is added to the intravesicular aqueous 

space, ion fluxes may be detected by measuring 
the absorption or fluorescence of the vesicle sus- 
pension. For instance, fluorescence quenching by 
Tlf or Cs+ has been used for monitoring intraves- 
icular concentrations of these ions [16,17]. In the 
following, we specifically consider the fluores- 
cence method; an analogous treatment is possible 
in the case of absorption measurements. We as- 
sume that the intravesicular medium contains a 
water-soluble fluorescent dye whose fluorescence 
depends on the concentration c of the transported 
ion. If%(t) is the contribution of the ith vesicle to 
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the fluorescence intensity of the suspension and 
f,o - ~ ( 0 )  the initial value of f,, the ratio 

f t 
f , o  q ( c i )  ( 2 0 )  

is a unique function q(c) of intravesicular ion 
concentration c, which is independent of vesicle 
size and which can be determined by calibration 
experiments. The result of the fluorescence experi- 
ment may be represented by the ratio F ( t ) / F  o - 
S( t )  where F(t)  is the total fluorescence intensity 
of the suspension and F 0 - F ( 0 )  the initial value 
of F. S( t )  is obtained by summation over all 
vesicles: 

N 

S(t)= F(t)Fo = 1Fo i==~lfi(t)= ~ ° ~i fioq[ci(t) ] (21) 

Since the ratio f~o/Fo may be assumed to be equal 
to V,/V ( ~  is the internal volume of vesicle i and 
V the total internal volume), Eqn. 21 becomes 

1 
s( t )  = ~ ~_~ V,q[ci(t)] (22) 

i 

This equation is identical to Eqn. 8 when c~(t)/c o 
is substituted by q[c,(t)]. This means that Eqn. 16 
may be directly applied to the fluorescence experi- 
ment, if h(n, r k, t) is defined by 

h(n, r k, t) =-q[c(n, rk, t)] (23) 

A variant of the fluorescence method described 
above has recently been used in studies with re- 
constituted ( Na ++K+) -ATPase  vesicles [11,18, 
19]. A potentially sensitive fluorescent dye has 
been incorporated into the vesicle membrane and 
the intravesicular K + concentration has been mea- 
sured via the Nernst potential in the presence of 
valinomycin. In this case S(t)  is defined as the 
fluorescence F( t )  at time t, divided by the fluores- 
cence F* for zero transmembrane voltage (U = 0); 
F*  is obtained under the condition that the in- 
travesicular K + concentration c is equal to the 
external K + concentration Gxt: 

F(t) F* S(t)-= F *  ; - = ( F ) u = 0 = ( F ) c = c . . .  ( 2 4 )  

For calibration of the fluorescence signal, separate 

experiments (without activation of the pump) are 
carried out with fixed Cex t and variable intravesic- 
ular K + concentration c. This yields a calibration 
function g(c): 

(F),, (25) g(c) - F* 

If f , ( t )  is the fluorescence of the ith vesicle in the 
flux experiment and ~* its fluorescence for c, = 
cex t (or U = 0), then the relation 

~, g[ci(t)] (26) 

holds. Since in this case the fluorescent dye is 
present in the vesicle membrane, the ratio f~*/F* 
is equal to Ai /A ,  where Ai is the surface area of 
the i th vesicle and A the total surface area of the 
vesicle suspension. Thus, 

1 
s i t )  = ~ E L ( 0  = T-i- E f , * q [ c , ( t ) ]  

i i 

=ly 'A iq[c i ( t ) ]  (27) 
A i 

With 

p 

A=N ~ A,p(rk)Ar ( 2 8 )  
k= p 

and A k = 4~rr 2 one obtains instead of Eqn. 16: 

p 

E h ( n , q , , ) P (  n ,~)r~p(r,)~r 
n = 0 k =  - p  

s ( t )  - p (29) 

E r~p(rk)Ar 
k=-p 

h is again defined by 

h(n, rk, t)=- g[c(n, rk, t)] (30) 

If the distribution of vesicle radii is Gaussian 
(Eqn. 2), the denominator D of Eqn. 29 is given 
by 

D :~,~2 + 0 2 (3x) 

Charge translocation 
Most ion pumps are electrogenic, i.e., they 



t rans loca te  electr ic charge across the membrane .  
By measur ing  the t ime-course  of  t r an smembrane  
voltage,  in fo rmat ion  on the turnover  rate  of  the 
p u m p  may  be obta ined .  Since the electric field in 
the m e m b r a n e  acts back  on  the pump,  the turnover  
ra te  v becomes  a funct ion of  voltage. (The field 
effect on v may  be e l imina ted  by  add i t ion  of  a 
m e m b r a n e - p e r m e a b l e  ionic species such as S C N - ) .  

We  now cons ider  an exper iment  in which the 
t r a n s m e m b r a n e  vol tage U is measured  using a 
potent ia l - sens i t ive  f luorescent  dye. In this case the 
ra t io  f J f , *  (Eqn. 26) is a funct ion of U i, which 
has to be de te rmined  by ca l ibra t ion:  

f, f~=w(U,) (32) 

Accordingly ,  Eqn. 27 now assumes the form 

F ( t )  1 A i w [ U i ( t ) ]  
S ( t )  - F* - A i (33) 

F o r  a vesicle of class (n,  rk), the t r ansmembrane  
vol tage  is a wel l -def ined funct ion U(n,  r k, t)  of 
t ime t. In  a vesicle conta in ing  n p u m p  molecules,  
the p u m p  current  is equal  to uceonv(U ) = Ip, where 
uc is the n u m b e r  of  t rans loca ted  charges per  
turnover  and  e 0 the e lementary  charge. - I p  must  
be  equal  to the sum of  the capaci t ive  current ,  
A k C m d U / d t ,  and the current  AkGmU through 
leakage pa thways ;  C m and G m are the m e m b r a n e  
capac i t ance  and leakage conductance ,  respec- 
tively, referred to uni t  area, and  A k = 4~rr 2 is the 
surface area  of  the vesicle. This leads to the fol- 
lowing equat ion  for U(n,  r k, t) :  

dU uce°n o ( U )  - Gm 
d~  = AkC m ~ U (34) 

W h e n  the leakage conduc tance  G m is small ,  the 
t r a n s m e m b r a n e  vol tage  approaches  the reversal  
po ten t ia l  U~ of the pump.  U(n,  r k, t )  can be 
ob ta ined  b y  in tegra t ion  of  Eqn. 34, if the vol tage 
dependence  of  the turnover  rate  v is approx i -  
ma te ly  known.  Since Eqns. 33 and  27 are formal ly  
ident ical ,  Eqn. 29 can be  app l ied  also to the 
analysis  of  p u m p - m e d i a t e d  charge t rans locat ion,  
p rov ided  that  the funct ion  h is now def ined by:  

h(n, rk,t) ~w[U(n, rk, t)] (35) 
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Numerical examples 

In the fol lowing we give a number  of  numer ica l  
examples  in order  to i l lustrate  the above-descr ibed  
me thod  of analysis  of  flux exper iments .  We  
specif ical ly cons ider  the case that  the p u m p  ex- 
t rudes  ions f rom the vesicle at a rate  depend ing  on 
in t raves icular  ion concen t ra t ion  according  to the 
Michae l i s -Menten  re la t ion (Eqn. 11). A n  average 
vesicle rad ius  of ? = 50 nm is assumed throughout  
which app rox ima te ly  cor responds  to the size of 
phospha t idy lcho l ine  vesicles p repa red  by  chola te  
dialysis  [5-8]. In  Fig. 1 the quan t i ty  S ( t )  = m ( t ) /  

m 0 is p lo t ted  according  to Eqn. 16 for a popu la -  
t ion of vesicles of  un i form size (o  = 0), with the 
average number  fi of pumps  per  vesicle as a 
var iable  parameter .  I t  is seen that  re ( t )  exhibi ts  

S(t) ~ 0 

0.8 

0.5 

O.Z. 

02 

e'=O 

~=1 

oiJ--~- 
I I I I 

0 100 200 300 400 500 
t/s 

Fig. 1. Extrusion of ions from vesicles of uniform radius 
(r = 50 nm). S(t) =- m( t ) /m o is the ratio of the total intraves- 
icular content m(t) of the transported ion species, divided by 
the initial value m 0. The turnover rate is assumed to depend 
on intravesicular ion concentration c according to the Michae- 
lis-Menten relation (Eqn. 11) with Vm=100 s -1 and K = I  
mM. The initial value of c was c o =100 mM. S(t) has been 
calculated for different values of the average number ~ of 
pumps per vesicle, using Eqns. 4, 12 and 16 (p = 1). 
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dis t inct  t rans i t ions  in slope. These t rans i t ions  re- 
sult from the heterogenei ty  of the vesicle popu la -  
t ion with respect  to n. Vesicles with large n values 
lose their  ion content  after  a short  t ime and then 
no longer  con t r ibu te  to m ( t) .  

In  Fig. 2, S(t) is given for three vesicle popu la -  
t ions differing in the width  of the size d i s t r ibu t ion  
( o = 0 ,  o = 2  nm, o = 5  nm). As it may  be  ex- 
pected,  the d iscont inui t ies  in the s lope of m (t) /m o 
which occur  with vesicles of  uni form size (o = 0) 
become smoothed  out  for o > 0. (Note  that  the 
curves for o = 2  nm and o = 5  nm have been 
arb i t ra r i ly  shifted a long the S-axis  for sake of 

clarity).  
Accord ing  to Eqn. 18 it is clear that  f rom the 

s lope of S(t) after  short  t ime periods,  t, only  the 

S(t) 1.0 

1.0 

1.0 

0.8 

0.6 

0.4 6=Snm 

6= 2nm 

6=0 

0.2 

I 

0 100 200 300 400 
t/s 

Fig.  2. S ~ m / m  o as a f u n c t i o n  of  t ime t u n d e r  the  s ame  

cond i t i ons  as in Fig.  1, for  three  vesicle p o p u l a t i o n s  d i f f e r ing  

in the  ha l f -w id th  o o f  the  r ad iu s  d i s t r i bu t i on  (Eqn.  2). The  

ave rage  dens i ty  o f  p u m p  molecu les  was  a s s u m e d  to be  X = 64 
/ t m  2, c o r r e s p o n d i n g  to  ~ = 2 for  r = ~ = 50 nm.  The  l eng th  of  

the  r ad ius  in terva l  A r  was  c h o s e n  to  be  a / 4 .  The  curves  for  

o = 2 n m  a n d  a = 5 n m  have  been  sh i f ted  a long  the S-axis  b y  

0.1 a n d  0.2 uni ts ,  respect ively.  

produc t  v0X can be ob ta ined  whereas a separa te  
de te rmina t ion  of turnover  rate and pump  densi ty  
becomes  poss ible  by  analyzing the whole t ime 
course of S. The quest ion which then arises is to 

what  extent  the values of v 0 (or Vm) and X are 
unique,  which are de te rmined  by  fi t t ing Eqn. 16 
(or Eqn. 29) to the exper imenta l  function S(t). 
F o r  an examina t ion  of this quest ion we have 
p lo t t ed  in Fig. 3A the funct ion S(t) for a cer tain 

combina t i on  of v m and X (Vm = 100 S -1, X = 50 
/xm 2). This curve, labeled with 'X, Vm' is com- 

pa red  with S(t) calcula ted  with v m = 50 s -~, X = 
100 /zm 2 ( labeled '2  x ,  Vm/2') and with v m = 200 
s l, X = 25 # m  2 ( labeled ' X / 2 ,  2Vm' ). Since the 

p roduc t  VmX is the same in all three cases, the 
curves coincide at t = 0. It is seen, however,  that  
af ter  longer  t ime periods,  S(t) is sensitive to a 
var ia t ion  of v m and X, meaning  that  a rel iable 
de te rmina t ion  of v m and X is possible.  In Fig. 3B 
a s imilar  compar i son  is carr ied out, bu t  now with 
a much larger  pump  densi ty  (v m = 5  s 1, X = 1000 
/ a m  2 ) ,  cor responding ,  at r = ? = 50 nm, to h = 31. 
U n d e r  these condi t ions  the three curves a lmost  
coincide,  even after  long t ime periods.  This means  
that  u m and X can no longer be evaluated un- 
equivocal ly,  if the average number  of pumps  per  
vesicle is large. 

Final ly ,  we discuss an example  from recent 
K+-f lux  studies with (Na  + + K + ) - A T P a s e  vesicles 
using a vol tage-sensi t ive f luorescent  dye in the 
presence of va l inomycin  [11,18,19]. In the experi-  
ment  represented  in Fig. 4 the init ial  in t raves icular  
K + concent ra t ion  was c o = 140 m M  and the exter- 
nal  K + concent ra t ion  Cex t = 10 mM, cor respond-  
ing to a Nerns t  potent ia l  U = - 6 6  mV (inside 
negat ive)  and  an ini t ial  f luorescence signal  
F(O)/F* --- 1.32. (As above, F *  is the value of F 
for U = 0). Af te r  add i t ion  of A T P  to the medium,  
K + is ex t ruded and  F(t)/F* starts  to decrease.  
Us ing  the ca l ibra t ion  of F/F* as a funct ion of  c 
(q(c) f rom Eqn. 25), Eqn. 29 was fi t ted to the 
exper imenta l  F(t)/F* curve (heavy line in Fig. 4) 
with ? =  45 nm and o = 10 nm (es t imated from 
p h o t o n  corre la t ion  spectroscopy).  F r o m  the fit 
curve (dashed line) the max imum turnover  rate  t, m 
and the p u m p  dens i ty  X were de te rmined  to be 
V m = 9.25 s -1 and X = 160 # m  -2. Fo r  compar ison ,  
Fig. 4 conta ins  fit curves which have been calcu- 
la ted (by varying the value of n-Vm) assuming a 
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Fig. 3. A. S(t) ca lcu la ted  from Eqn. 16 for three different  sets of values  of v m and X; Vm is the m a x i m u m  turnover  ra te  (Eqn.  11) and  
X is the average dens i ty  of pumps ,  referred to as uni t  area of the vesicle membrane .  The value of X = 50 p.m -2  corresponds,  at  

r = ? = 50 nm, to an average of ~ =1 .6  p u m p s  per  vesicle. The p roduc t  vmx which de te rmines  the s lope of S(t) at t = 0 is the same 
in all  three cases. ? = 50 nm, a = 5 nm, Ar  =1 .25  nm. The other  condi t ions  are the same as in Fig. 1. B. As A, but  wi th  a 20-fold 
higher  p u m p  densi ty,  cor responding  to fi = 31 (at r = ~ = 50 nm). 
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Fig. 4. ATP-dr iven  ext rus ion  of  K + from (Na  + + K ÷ ) -ATPase  
vesicles at  13 .9°C,  de tec ted  by  a vol tage-sensi t ive indocyan ine  
dye  in the presence  of va l inomycin  [11]. F(t) is the fluores- 

cence  in tens i ty  at  t ime t and  F *  the f luorescence in tens i ty  at  
zero t r a n s m e m b r a n e  voltage. The  ini t ia l  in t raves icular  K + con- 

cen t ra t ion  was  c o = 1 4 0  m M  and  the external  K + concentra-  
t ion Cex t = 10 mM, cor respond ing  to a Nerns t  po ten t ia l  of - 66 
mV (inside negative).  A s s u m i n g  that  vol tage  effects on p u m p -  

population of vesicles of uniform radius ( ? =  45 
nm) and uniform number n of pumps. It is clearly 
seen that the assumption of uniform vesicles does 
not lead to an adequate fit of the experimentally 
observed time-course of F/F*. 

D i s c u s s i o n  

The method for the analysis of flux experi- 
ments with heterogeneous vesicle populations 
which has been described above has been intro- 
duced recently in connection with optical studies 

ing rate  are small  the exper imenta l  curve was  fi t ted wi th  
Vm=9.25 s -1 and  X = 1 6 0  p m  2 using Eqns. 29 and 11. The 
value  of X cor responds  to ~ = 4 ~ 2 X  -- 4. P = 45 nm, o = 10 

nm, Ar  = 2.5 nm, K = 0.1 mM. Curves 1 - 4  have  been calcu- 
lated,  by  vary ing  the value of n-  vm, assuming  a popu la t ion  of 
vesicles of un i fo rm radius  ( r  = 45 nm)  and  un i fo rm n u m b e r  n 

of pumps,  using the fol lowing values of n'Vm: (1) 42.8 s - l ;  (2) 
37 s - l ;  (3) 32 s - l ;  (4) 27 s -1. 
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of active ion transport in reconstituted vesicles 
[11]. In this communication we have discussed the 
application of the method to other experiments, 
such as measurements of isotope fluxes, or studies 
of pump-mediated charge translocation. In the 
present context it has been assumed that the num- 
ber of vesicles with n = 0, 1, 2 . . . .  pump molecules 
is given by a Poisson distribution and that the size 
distribution of the vesicles is Gaussian. The statis- 
tical method is more general, however, and can be 
used with other distributions as well. Under 
favourable conditions the intrinsic turnover rate of 
the single pump molecule and the density of func- 
tional pumps in the vesicle membrane can be 
determined separately. This is the case when the 
average number fi of pump per vesicle is small, so 
that a non-vanishing fraction of vesicles with n = 0 
exists. If necessary also leakage effects can be 
included [13]. The method is thus particularly 
suitable for experiments with reconstituted vesicles 
in which the protein content of the vesicles can be 
varied over a wide range. 
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